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Free Datatypes: Natural Numbers

spec NAT =
free type Nat ::= 0 | suc(Nat)
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The Signature Corresponding to the
Type Declaration

sort Nat
ops 0 : Nat;
suc ;. Nat — Nat
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The Peano Axioms

e no confusion: two different terms denote different
elements in the model

e no junk: any element in the model is denoted by some
term

e altogether: each model is isomorphic to the model
consisting of all terms
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No Confusion

Two different terms denote different elements in the model

e cach constructor Is injective

YV x :Nat; y : Nat
o suc(z) = suc(y) & =y % (ga_injective_suc)%

e any two constructors have disjoint images

V x : Nat @ = 0 = suc(x) % (ga_disjoint_0_suc)%
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No Junk

Any element in the model is denoted by some term.

This corresponds to an induction principle:
VP : pred(Nat)e
(P(O) AVz : Nat e P(x) = P(SUC(LIZ)))
= Vx : Nat e P(x)

The induction principle is a second-order formula and not
expressible in first-order logic. CASL admits such

second-order formulas; they are called sort generation
constraints in CASL. Notation: ({Nat}, {0; suc}).
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Lists

spec LisT [sort Elem]| = %mono
free type List|Elem] ::==[] | ——::__(FElem; List|Elem])
end
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The Signature Corresponding to the
Type Declaration

sort List|Elem]
op || : List[Elem)]
op __::__: FElem x List|Elem]| — List|Elem]
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No Confusion

e cach constructor Is injective

V X1 : Elem; X2 : List|Elem]; Y1 : Elem; Y2 : List|Elem]
o X] = X2=Y11Y2& Xl =YINX2=Y2
% (ga_injective___::__)%

e any two constructors have disjoint images

V Y1 : Elem; Y2 : List|[Elem] @ = [| = Y1 :: Y2
Y% (ga_disjoint_||___::__)%
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No Junk

Any element in the model is denoted by some term.

This corresponds the following induction principle:
VP : pred(List|Elem|)e
(P([]) AVz : BElem;l : List|Elem] e P(l) = P(x :: l))
= VI : List|Elem] e P(l)

Sort generation constraint in CASL:

({List[Elem]}, {[J; - = —-}).
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Strings and Lists of Strings

spec CHAR =

free type Char := A | B | ...
end
spec STRING =

LisT[CHAR fit Elem — Char] with List[Char| — String
end

spec STRINGLIST =
L1ST[STRING fit Elem +— String]
end
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Mutually Recursive Datatypes

spec UNBOUNDEDBRANCHINGTREE|[sort Elem| =
free types
Tree ::= Leaf(Elem) | Branch(Forest);

Forest ::= Nil | Cons(Tree; Forest)
end
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The Signature Corresponding to the
Type Declaration

sorts Forest, Tree

op Branch : Forest — Tree

op Cons : Tree x Forest — Forest
op Leaf : Elem — Tree

op Ni : Forest
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Each constructor is injective. . .

V X1 : Elem: Y1 : Elem
o Leaf (X1) = Leaf(Y1) < X1 = Y1
% (ga_injective_Leaf)%
V X1 : Forest: Y1 : Forest
e Branch(X1) = Branch(Y1) & X1 = Y1
% (ga_injective_Branch)%
VY X1 : Tree; X2 : Forest; Y1 : Tree: Y2 : Forest e
Cons(X1, X2) = Cons(Y1, Y2) = X1 = Y1 N X2 = Y2
% (ga_injective_Cons)%
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. . . any two constructors have disjoint images

VY X1 : Elem: Y1 : Forest
e = Leaf(X1) = Branch(Y1)
% (ga_disjoint_Leaf_Branch)%
V Y1 : Tree;: Y2 : Forest
e = Nil = Cons(Y1, Y2) %(ga_disjoint_Nil_Cons)%

T.MossakOWSki, L. Schroder: CASL, November 2006 ’.smmcocumou



16

No Junk

The induction principle:
VP : pred(Tree);Q : pred(Forest)e
(Vaz : Elem o P(Leaf(x))N
Vf: Forest e Q(f) = P(Branch(f))A
Q(Nil)A
Vt: Tree; f: Foreste P(t) AN Q(f) = Q(Cons(t, f)))
=Vt :Trece P(I) NVf: Forest e Q(f)

Sort generation constraint in CASL:
({Tree; Forest},{Leaf; Branch; Nil; Cons}).
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